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In the paper we study the helicity density patterns which can result from the emerging
bipolar regions. Using the relevant dynamo model and the magnetic helicity conservation
law we find that the helicity density pattern around the bipolar regions depends on the
configuration of the ambient large-scale magnetic field, and in general they show the
quadrupole distribution. The position of this pattern relative to the equator can depend
on the tilt of the bipolar region. We compute the time-latitude diagrams of the helicity
density evolution. The longitudinally averaged effect of the bipolar regions show two
bands of sign for the density distribution in each hemisphere. Similar helicity density
patterns are provided by the helicity density flux from the emerging bipolar regions
subjected to the surface differential rotation. Examining effect of helicity fluxes from the
bipolar regions on the large-scale dynamo we find that its effect to the dynamo saturation
is negligible.
1. Introduction
The magnetic helicity conservation is often considered as one of the most important
ingredient in the magnetic field generation on the Sun and other solar type stars
(Brandenburg & Subramanian 2005; Blackman & Thomas 2015) It is also important
for the magnetic activities in the solar atmosphere and corona (Mackay & Yeates 2012).
The magnetic helicity characterize the complexity of the magnetic field topology in the
closed volume (Berger 1984). Observing the magnetic field on the surface we can deduce
some local proxies of the helicity integral. The observational constraints of the solar
dynamo models are related to the hemispheric helicity rules (Seehafer 1994; Pevtsov
et al. 1994) and the magnetic helicity fluxes from the solar interior (Berger & Ruzmaikin
2000; Blackman & Brandenburg 2003). The hemispheric helicity rule (hereafter HHR)
follows from the theoretical properties of the large-scale dynamo which we expect to
be working in the solar interior. This rule states that the small-scale magnetic fields
on the northern hemisphere have the negative twist (the right-hand coordinate system)
and the opposite twist is in the southern hemisphere. In the dynamo theory the small
scales include scale of the solar active regions and smaller ones. The helicity conservation
constrains the helicity sign distribution over the spatial scales. The results of Pouquet
et al. (1975) showed that in the turbulent dynamo processes we can expect that the twist
of the large-scale magnetic field is opposite to the twist of the small-scales magnetic field.
This property is also called the bi-helical dynamo.
The vector magnetic field observations make possible to deduce the information about
the magnetic and current helicity density on the solar surface (Pevtsov et al. 1994; Bao
& Zhang 1998; Zhang et al. 2010). In general, theses proxies show the HHR for the small-
scale magnetic field. The issues about the HHR of the large-scale magnetic field and the
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bi-helical solar dynamo are still debatable (Brandenburg et al. 2017; Singh et al. 2018;
Pipin et al. 2019).
However, the relevance of the local proxies, which are observed on the surface, as the
proxies of the bi-helical magnetic fields generated by the dynamo processes in the depth of
the convection zone can be questioned. On the surface some of the helical magnetic field
configurations can be generated by means of other processes which are not readily related
to the dynamo. For example, the emerging of the magnetic field on the surface and its
interaction with the ambient magnetic field can produce the local helicity flux. Hawkes
& Yeates (2019) showed one of such example, see Fig4c in their paper. They illustrated
that the emerging bipolar region which interacts with the global magnetic field results
to the local quadrupole helicity density flux pattern. Interesting that this effect drives
the helicity density flux butterfly diagrams, which are satisfying the own HHR, see the
Fig3c in their paper. Another kind of this effect was illustrated by Pipin et al. (2019)
in their benchmark dynamo model. Here we elaborate on this example and study the
effect of the emerging bipolar regions on the surface helicity density patterns. Note,
on the solar surface the most magnetic activity is produced by the sunspots (Stenflo
2013). It was found that the emerging active regions can bias our conclusions about
the helical properties of the dynamo inside the convection zone. The study is based on
the numerical simulations of the nonaxisymmetric dynamo model, which was suggested
recently by Pipin & Kosovichev (2018a). The next section describes the model.
2. Dynamo model
Evolution of the large-scale magnetic field in perfectly conductive media is described
by the mean-field induction equation (Krause & Ra¨dler 1980):
∂t 〈B〉 = ∇× (E+ 〈U〉 × 〈B〉) (2.1)
where E = 〈u× b〉 is the mean electromotive force; u and b are the turbulent fluctuating
velocity and magnetic field respectively; and 〈U〉 and 〈B〉 are the mean velocity and
magnetic field. Pipin & Kosovichev (2018a) suggested the minimal set of the dynamo
equations to model the non-axisymmetric magnetic field evolution. In this model, simi-
larly to Moss et al. (2008), we neglect the radial dependence of magnetic field, and assume
that the radial gradient of angular velocity is greater than the latitudinal gradient.
It is convenient to represent the vector 〈B〉 in terms of the axisymmetric and non-
axisymmetric components as follows:
〈B〉 = B+ B˜ (2.2)
B = φˆB +∇×
(
Aφˆ
)
(2.3)
B˜ = ∇× (rT ) +∇×∇× (rS) , (2.4)
where B and B˜ are the axisymmetric and non-axisymmetric components; A, B, T and
S are scalar functions representing the field components; φˆ is the azimuthal unit vector,
r is the radius vector; r is the radial distance, and θ is the polar angle. Hereafter, the
over-bar denotes the axisymmetric magnetic field, and tilde denotes non-axisymmetric
properties. Following the above ideas we consider a reduced dynamo model where we
neglect the radial dependence of the magnetic field. In this case, the induction vector of
the large-scale magnetic field is represented in terms of the scalar functions as follows:
〈B〉 = − r
R2
∂ sin θA
∂µ
− θˆ
R
A+ φˆB (2.5)
3− r
R2
∆ΩS +
θˆ
sin θ
∂T
∂φ
+ φˆ sin θ
∂T
∂µ
,
where R represents the radius of the spherical surface inside a star where the hydromag-
netic dynamo operates. The above equation defines the 3d divergency free B-field on the
sphere. In the model we employ the simple expression of E :
E = α 〈B〉 − ηT∇× 〈B〉+ Vβ rˆ×B+ αβφˆB˜φ. (2.6)
The last term is introduced to simulated the tilt of the emerging active regions. The
magnetic buoyancy is source of the non-axisymmetric magnetic field in the model.
We assume that the magnetic buoyancy acts on relatively small-scale parts of the
axisymmetric magnetic field, perhaps, it is caused by some kind of nonlinear instability.
It is formulated as following:
Vβ =
αMLTu
′
γ
β2K (β) [1 + ξβ (φ, θ)] , β > βcr, (2.7)
and Vβ = 0 if β < βcr, where β = |〈B〉| /Beq, Beq =
√
4piρu′2, function K (β) is defined in
Kitchatinov & Pipin (1993), function ξβ (φ, θ) describes the latitudinal and longitudinal
dependence of the instability, and parameter βcr controls the instability threshold. In
this formulation, the preferable latitude of the “active region emergence” is determined
by the latitude of the maximum of the toroidal magnetic field energy, θmax. The magnetic
buoyancy instability perturbations are determined by function:
ξβ (φ, θ) = Cβ exp
(
−mβ
(
sin2
(
φ− φ0
2
)
+ sin2
(
θ − θmax
2
)))
, (2.8)
where mβ = 100 controls the size of bipoles. The instability is randomly initiated in
the northern or southern hemispheres, and the longitude, φ0, is also chosen randomly.
In the model the strength of the magnetic field is measured relative to the strength of
the equi-partition field, Beq. Putting the parameter βcr = 0.5 we prevent emergence of
active regions at high latitudes. The dynamic of the buoyancy instability is restricted by
the five time run-steps. In the model we measure the time in the diffusive units, R2/ηT .
If we scale the dynamo period of the model to 11 years, then the simulated emerging
time is about one week, which is much longer than on the Sun (Toriumi & Wang 2019).
To get the model closer to observations the temporal and spatial resolution have to be
increased. Bearing in mind the whole simplicity of our model we restrict ourselves to the
qualitative considerations. We assume that the emerging part of the toroidal magnetic
field is subjected to some extra α effect, which is caused by the dynamic of the magnetic
loop. We find that the 5◦ tilt (Tlatov et al. 2013) can be reproduced if we put
αβ =
1
3
Vβ , (2.9)
where Vβ is determined by the Eq(2.7). In case of αβ = Vβ the tilt is around pi/4.
For the standard part of α effect we use the isotropic expression and take into account
the contribution of the magnetic helicity:
α = α0 cos θ +
〈χ〉 τc
4piρ`2
(2.10)
where α0 is a free parameter which controls the strength of the α- effect, the second
part of the Eq(2.10) expresses the effect of the magnetic helicity 〈χ〉 = 〈a · b〉 (a and b
are the fluctuating parts of magnetic field vector-potential and magnetic field vector).
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The magnetic helicity conservation results to the dynamical quenching of the dynamo.
Contribution of the magnetic helicity to the α-effect is expressed by the second term
in Eq.(2.10). The magnetic helicity density of turbulent field, 〈χ〉 = 〈a · b〉, is governed
by the conservation law (Hubbard & Brandenburg 2012; Pipin et al. 2013; Brandenburg
2018):
∂ 〈χ〉(tot)
∂t
= − 〈χ〉
Rmτc
− 2η 〈B〉 · 〈J〉 − ∇·Fχ, (2.11)
where 〈χ〉(tot) = 〈χ〉 + 〈A〉 · 〈B〉 is the total magnetic helicity density of the mean
and turbulent fields, Fχ = −ηχ∇〈χ〉 is the diffusive flux of the turbulent magnetic
helicity, and Rm is the magnetic Reynolds number. The coefficient of the turbulent
helicity diffusivity, ηχ, is chosen ten times smaller than the isotropic part of the magnetic
diffusivity (Mitra et al. 2010): ηχ =
1
10ηT . Similarly to the magnetic field, the mean
magnetic helicity density can be formally decomposed into the axisymmetric and non-
axisymmetric parts: 〈χ〉(tot) = χ(tot) + χ˜(tot). The same can be done for the magnetic
helicity density of the turbulent field: 〈χ〉 = χ+ χ˜, where χ = a · b and χ˜ = ˜〈a · b〉. Then
we have,
χ(tot) = χ+A ·B+ A˜ · B˜, (2.12)
χ˜(tot) = χ˜+A · B˜+ A˜ ·B+ A˜ · B˜, (2.13)
Evolution of the χ and χ˜ is governed by the corresponding parts of Eq(2.11). Thus,
the model takes into account contributions of the axisymmetric and nonaxisymmetric
magnetic fields in the whole magnetic helicity density balance, providing a non-linear
coupling. We see that the α-effect is dynamically linked to the longitudinally averaged
magnetic helicity of the B˜-field, which is the last term in Eq(2.12). Thus, the nonlinear α-
effect is non-axisymmetric, and it contributes into coupling between the B and B˜ modes.
The coupling works in both directions. For instance, the azimuthal α-effect results in
Eφ = α 〈Bφ〉+αβB˜φ. If we denote the nonaxisymmetric part of the α by α˜ then the mean
electromotive force is Eφ = αBφ+ α˜B˜φ+αβB˜φ. This introduces a new generation source
which is usually ignored in the axisymmetric dynamo models. The magnetic helicity
conservation is determined by the magnetic Reynolds number Rm. In this paper we
employ Rm = 10
6.
The helicity conservation in form the Eq.(2.11) is suitable for the dynamo simulation.
To estimate the helicity flux from the dynamo we will use the approach of Berger &
Ruzmaikin (2000). Following their consideration the change of the helicity integral is
determined by the the dynamo processes inside and the helicity fluxes out of the dynamo
regions as follows
d
dt
∫
〈χ〉(tot) dV = −2
∫
E · 〈B〉dV +
∮
(〈A〉 ×E) · ndS, (2.14)
where the electric field in perfectly conductive turbulent plasma, which is co-moving with
mean flow 〈U〉 , is determined as follows,
E = −E − 〈U〉 × 〈B〉 .
Note, that in our model we do not need to consider the relative helicity because we have
the full information about the magnetic field and it potential from the dynamo evolution
equation. Also, the integration volume in our case corresponds to thin spherical shell.
The second term, i.e., − ∮ 〈A〉 × EdS describes the helicity fluxes out of the dynamo.
The expression of the mean electromotive force contains contributions from the α -effect,
5turbulent diffusivity and the magnetic buoyancy. For this study we skip the effect of the
turbulent diffusivity in 〈A〉 × E and we leave the α and the magnetic buoyancy effects.
Also we will estimate the effect of the differential rotation on the helicity flux to compare
it with results of the earlier studies. Following the above comment we have:
(〈A〉 ×E) · n = FΩ + Fα + Fβ + . . . , (2.15)
FΩ = −〈Br〉 〈Aφ〉Uφ, (2.16)
Fα = α (〈Bθ〉 〈Aφ〉 − 〈Bφ〉 〈Aθ〉)− αβB˜φ 〈Aθ〉 (2.17)
Fβ = −Vβ (〈Bθ〉 〈Aθ〉 − 〈Bφ〉 〈Aφ〉) (2.18)
Note, that both the axisymmetric and the non-axisymmetric modes contribute to the all
terms in Eq(2.15).
The equations (2.1,2.11) are solved numerically in the non-dimensional form. We
assume that the rotational shear is constant in latitude. The effect of differential rotation
is controlled by non-dimensional parameter Rω =
R2
ηT
∂Ω
∂r
, the α-effect is measured
by parameter Rα =
Rα
ηT
, the magnetic buoyancy depends on Rβ =
R
ηT
αMLTu
′
γ
, and
the magnetic field is measured relative to the equipartition strength Beq =
√
4piρu′2.
Similarly to Pipin & Kosovichev (2018b) we put Rω =
RΩ
ηT
=103, Rα = 1. This
choice describes the α2Ω dynamo regime with differential rotation as the main driver of
axisymmetric toroidal magnetic field. Note for the given choice of the dynamo parameters
the non-axisymmetric modes are stable. They do not take part in the dynamo unless some
non-axisymmetric phenomena come into the play. In this model the non-axisymmetric
modes are resulted due to the magnetic buoyancy effect. To estimate the magnetic
buoyancy parameter we employ results of (Kitchatinov & Pipin 1993) who argued that the
maximum buoyancy velocity of large-scale magnetic field of equipartition strength Beq
is of the order of 6 m/s. In the solar conditions, the magnetic diffusion ηT = 10
12cm2/s
(Ru¨diger et al. 2011), and Rβ ≈ 500. In our models, the large-scale magnetic field
strength is below Beq. Hence, we use by an order of magnitude smaller value: Rβ = 50.
In addition to nonlinear quenching of the α-effect, the magnetic buoyancy also causes
a nonlinear saturation of the dynamo process. Note, that the magnetic helicity in the
model is measured in units B2eqR. Comparing our results with observations, we have
to bear in mind that in the model the magnetic field dynamo generation and the
bipolar region formation occur in the same place. Therefore the resulted configuration
of the axisymmetric magnetic field are expected to be different from the solar surface
observation. However, the evolution of the non-axisymmetric magnetic field mimics the
observational magnetic patterns reasonably well (see, Pipin & Kosovichev 2018b). The
further detail about the model can be found in the above cited paper. Also, the python
code for the model can be found at zenodo : Pipin (2018).
3. Results
3.1. Helicity density patterns from bipolar regions
In this section we consider the helicity patterns, which are produced by the emerging
bipolar regions. In this case, we start simulations with a simple antisymmetric distribution
of the toroidal magnetic field, Bφ =
1
2 sin 2θ. The two bipolar regions are injected
successively in the southern and northern hemispheres with interval about 0.004R2/ηT .
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Figure 1. a) The color background shows the radial magnetic field (both the axisymmetric and
the nonaxisymmetric modes), streamlines show the horizontal non-axisymmetric magnetic field;
b) the total magnetic helicity density,
(
A + A˜
)
·
(
B + B˜
)
, c) the same as b) for A˜ · B˜; d) the
same as b) for the current helicity density.
The time in the model is measured in the units of the diffusive time. If we scale the
dynamo period of the model to 11 years, then the interval 0.004R2/ηT corresponds to
2.5 months.
The Figure 1 illustrates the magnetic field configurations, as well as, the total helicity
density, A ·B + A˜ · B˜, the helicity density of the nonaxisymmetric magnetic fields and
the current helicity density distributions, Br (∇×B)r. The snapshots are taken shortly
after formation of the second bipolar region in the northern hemisphere. We see that
the helicity density patterns of the bipolar regions have the quadrupole distributions.
The large-scale helicity density is in the background. In agreement with the theoretical
expectations, the large-scale magnetic field has the positive magnetic and current helicity
density sign in the northern hemisphere. This helicity was generated by the large-scale
dynamo. The emerging bipolar regions show the inverted quadrupole helicity patterns in
the southern and the northern hemispheres. The positive and negative helicity density
parts nearly cancel each other in each hemisphere. The effect of tilt most pronounced in
distribution of the current helicity density. On the Br (∇×B)r synoptic map we see the
negative trace, which is produced by the emerging region. Therefore, B˜r
(
∇× B˜
)
r
< 0
inside the latitudinal band of the bipolar region. We did not find this effect in another
run where we neglect the αβ term in the mean electromotive force. Also, some part of
the net helicity is due to participation of the bipolar regions in the large-scale dynamo.
The Figure 2 illustrates the patterns of the helicity density fluxes, the terms, FΩ , Fα
and Fβ in the Eq(2.14) for the models with and without tilt effect. We find that coupling
the emerging bipolar regions and the differential rotation produces the flux pattern which
is inverted to the helicity density, A˜ · B˜. The Figures 2a) and d) agrees qualitatively with
results of Hawkes & Yeates (2019) (see, Fig.4c, there). It is found that the fluxes Fα and
Fβ are substantially smaller than the FΩ . Also, in all the cases the net helicity flux from
each bipolar region is close to zero.
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Figure 2. The helicity density fluxes, a) FΩ - the flux due to differential rotation; b) the flux
due the α - effect, Fα; c) the flux due to the magnetic buoyancy, Fβ ; the panels d),e) and f)
shows the same for the model without tilt, i.e., αβ = 0.
3.2. Bipolar regions in the dynamo evolution.
We make a run of the dynamo model with the random injections of the bipolar regions
by means of the magnetic buoyancy instability. The instability is randomly initiated in
the northern or southern hemispheres, and the longitude, φ0, is also chosen randomly. We
arbitrary chose the fluctuation interval τβ = 0.01P . After injection of the perturbation
the evolution is solely determined by the dynamo equations. Note, that the condition of
the buoyancy instability is defined by the critical magnetic field strength, see the Eq.(2.7).
Figure shows the time-latitude diagrams for the toroidal magnetic field evolution, as
well as , the small-scale helicity density, χ and the helicity density fluxe FΩ . In the model,
the fluxes Fα and Fβ have less magnitude than the flux from the differential rotation and
they, perhaps, do not present much interest. The model shows the regular dynamo waves
of the toroidal magnetic field which drifts toward equator in course of the magnetic
cycle. The emerging bipolar regions show no effect on the butterfly diagram because
the coupling between axisymmetric and non-axisymmetric modes is weak. However, the
bipolar regions have the cumulative effect on the rate of the magnetic flux loss. Therefore
they affect the magnitude of the axisymmetric toroidal field. The properties of the given
model was discussed in details by Pipin & Kosovichev (2018b). The small-scale helicity
density, χ evolves in following conservation law helicity density. This conservation law
preserves the integral balance between χ, A ·B and A˜ · B˜. In the quasi stationary state
the A ·B contribution is much larger than A˜ · B˜ (cf, Fig.4b). Therefore, the χ evolution
follows the standard HHR. The time-latitude variations of the, A˜ · B˜ = χ˜, show two bands
in each hemisphere. The near equatorial bands show the positive sign in the northern
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Figure 3. a)The time-latitude diagrams for the toroidal magnetic field (contours) and the
small-scale helicity density, χ, is shown by the background image; b) the total flux of the radial
magnetic field; c) the time-latitude diagram for the helicity flux from the differential rotations;
d) the helicity density of the non-axisymmetric magnetic field.
hemisphere and the negative in the southern one. In the polar sides the situation is
opposite. This patterns results naturally from the longitudinal averaging of the synoptic
maps like that shown in Fig.1c. Interesting that in the run without tilt effect these bands
show some equatorial drift, which results into noisy behavior of the A˜ · B˜ near equator
9-0.01 0.00 0.01
χ˜c) d)
-0.1 0.0 0.1
B˜r
a) b)
Figure 4. Snapshots of the magnetic field, (a), and the helicity density, (b), distributions for
the maximum of the toroidal magnetic field cycle.
in that run. The time-latitude diagram of the A˜ · B˜ shows sometimes the same sign of
helicity on both hemispheres. This period correspond to the time when the wave of the
toroidal magnetic field goes close to equator. Therefore there is interaction of the bipolar
regions emerging in opposite hemispheres. These periods correspond to local minima of
the radial magnetic field flux. This parameter can be considered as a proxy of the sunspot
activity (Stenflo 2013). For the FΩ the HHR tends to be opposite to the HHR of the
non-axisymmetric magnetic field. The butterfly diagram of the FΩ agrees qualitatively
with results of Hawkes & Yeates (2019) (see, Fig.3c, there). We also compute the time-
latitude diagrams for the current helicity density, B˜r
(
∇× B˜
)
r
and find that is similar
to the A˜ · B˜.
Figure 4 shows snaphots of the magnetic field and the helicity density distributions for
the period of maximum of the toroidal magnetic field cycle. The helicity patterns near
the bipolar regions are qualitatively similar to the case shown in Fig.1b and not in Fig.1c.
Note, that the Fig.4b shows the helicity density of the non-axisymmetric magnetic field,
A˜ · B˜. The interaction of the emerging bi-poles with the background large-scale non-
axisymmetric magnetic field produces the pattern similar to that in Fig.1b. At the right
side of the snapshot we show the mean distribution of the χ, A · B and A˜ · B˜ for this
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Figure 5. Synoptic maps of the radial magnetic field (top) and the magnetic helicity density
(bottom) for the CR2157 (in following to results of Pipin et al. 2019).
synoptic map. We find that in the model the A˜ · B˜ has much less magnitude in compare
with other two.
4. Discussion and conclusions
In the paper we study the effect of the emerging bipolar regions on the magnetic
helicity density distributions and the helicity density fluxes. Comparing our results with
observations, we have to bear in mind that in the model the magnetic field dynamo
generation and the bipolar region formation occur in the same place. Our main interest
is to find some typical magnetic helicity pattern which we can observe on the surface of the
Sun. We look to the case of the simple bipolar region which is formed from the large-scale
toroidal magnetic field by means of the magnetic buoyancy. We find that such bipolar
regions together with the large-scale magnetic field produce the quadrupole magnetic
helicity density pattern (Figs1b,4c). The qualitatively similar helicity density patterns
can be found in observations. Pipin et al. (2019) studied the helicity density distributions
of the solar magnetic field using observations of the Helioseismic and Magnetic Imager
(HMI, Scherrer et al. 2012) on board Solar Dynamics Observatory (SDO, Pesnell et al.
2012). The Figure 5 shows examples of the magnetic field and the magnetic helicity
density synoptic maps for the Carrington rotation 2157. The two relatively small active
regions in the southern hemisphere, A and B show the quaadrupole helicity density
distributions in a qualitatively agreement with results of our study. The best agreement
is for the region A. It is likely because it has a relatively simple distribution of the radial
magnetic field flux.
In our model the dynamo process and the bipolar region formation occur in the same
11
place. In the large-scale dynamo, the emerging bipolar regions results into the loss of the
magnetic field flux. This results into dynamo saturation. The effect of these bi-poles on
the helical properties of the dynamo generated magnetic field is negligible. This is likely
due to specific of the model. We find no considerable effect of the generated A˜ · B˜ on the
small-scale helicity density evolution. The A˜ · B˜ shows the inverted HHR near equator
in compare the sign of the current helicity density of the solar active regions, (Zhang
et al. 2010, 2016). The positive sign of the magnetic helicity density from tilted bipolar
regions was anticipated in earlier studies (Pevtsov et al. 2014). Moreover, it is expected
the the tilted can get the internal twist opposing to the writhe by the magnetic tensions
(Blackman & Brandenburg 2003). In our model this process is taken into account by
the conservation law. Following to this law the small-scale helicity density χ evolves in
balance with the A˜ · B˜ helicity density of the axisymmetric field, A ·B. The modeled χ
distributions are determined by the axisymmetric type of the dynamo model.
Summing up, it is found the emerging bipolar regions produce the quadrupole helicity
density patterns. The similar patterns were found for the helicity flux by means of the
differential rotation. The model show no effect of the helicity evolution in the bipolar
regions on the large-scale dynamo. We find that the tilted bipolar regions show the
inverted hemispheric helicity rule near equator in compare with observations of the
magnetic helicity in the solar active regions. In general, our results suggest that on the
intermediate scales such as the scale of the bipolar active regions the averaged magnetic
helicity distribution can show no definite sign distribution in the northern and southern
hemisphere of the Sun.
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Appendix
Applying these simplifications to Eq (2.1) and Eqs (2.2-2.4) we obtain the following
set of dynamo equations in terms of the scalar functions, A,B, S, and T :
∂tB = − sin θ∂Ω
∂r
∂ (sin θA)
∂µ
+ ηT
sin2 θ
R2
∂2 (sin θB)
∂µ2
(4.1)
13
+
sin θ
R
∂
∂µ
αµ 〈Br〉+ αµ
R
〈Bθ〉 (4.2)
− 1
R
Vβ 〈Bφ〉 − B
τ
∂tA = αµ 〈Bφ〉+ ηT sin
2 θ
R2
∂2 (sin θA)
∂µ2
− Vβ
R
A− A
τ
, (4.3)
∂t∆ΩT = −∆ΩδΩ∂T
∂φ
+
ηT
R2
∆2ΩT (4.4)
− 1
R
∂Ω
∂r
sin2 θ
∂∆ΩS
∂µ
− 1
R
∂
∂φ
[
α+ αβ
sin θ
µ 〈Bφ〉
]
(4.5)
+ ∆Ω
αµ
R
(〈Br〉 sin2 θ + µ sin θ 〈Bθ〉)
+
1
R
∂
∂µ
αµ sin θ
{
µ sin θ 〈Br〉+ µ2 〈Bθ〉
}
− 1
R sin θ
∂
∂φ
〈Bθ〉Vβ − ∂
∂µ
(sin θ 〈Bφ〉Vβ) ,
∂t∆ΩS = −
(
δΩ∆Ω
∂
∂φ
S
)
+
ηT
R2
∆2ΩS (4.6)
+
∂
∂µ
(α+ αβ)µ sin θ 〈Bφ〉 (4.7)
+
∂
∂φ
{ αµ
sin θ
(〈Bθ〉+ sin θ (e · 〈B〉))
}
− 1
sin θ
∂
∂φ
(〈Bφ〉Vβ) + ∂
∂µ
(sin θ 〈Bθ〉Vβ) ,
where ∆Ω =
∂
∂µ
sin2 θ
∂
∂µ
+
1
sin2 θ
∂2
∂φ2
and µ = cos θ. To simulate stretching of non-
axisymmetric magnetic field by the surface differential rotation we consider the latitudinal
dependence of angular velocity δΩ = −0.25 sin2 θΩ in Eqs (4.4) and (4.6), which are
written in the coordinate system rotating with angular velocity Ω. The τ -terms in
Eqs(4.1,4.3) were suggested by Moss et al. (2008) to account for turbulent diffusion
in radial direction. Similarly to the cited paper we put τ = 3
R2
ηT
.
